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DIFFERENTIAL EQUATION

Ex.1

Sol.

DEFINITION

An equation that involves independent and dependent variables and the derivatives of the dependent
variables is called a DIFFERENTIAL EQUATION.
There are two types of differential equation :

(i) Ordinary Differential Equation : A differential equation is said to be ordinary, if the differential

d’y 2d
coefficients have reference to a single independent variable only e.g. d—)zl—d—xy +cosx=0

(ii) Partial Differential Equation : A differential equation is said to be partial, if there are two or more

ou ou ou
independent variables, e.g. ox +5+ 0z = = 0 is a partial differential equation.

We are concerned with ordinary differential equations only.

(a) Solution (primitive) of differential equation : Finding the unknown function which satisfies
given differential equation is called SOLVING OR INTEGRATING the differential equation. The solution
of the differential equation is also called its PRIMITIVE, because the differential equation can be
regarded as a relation derived from it.

(b) Order of differential equation : The order of a differential equation is the order of the
highest differential coefficient occurring in it.

(c) Degree of differential equation : The degree of a differential equation which can be written
as a polynomial in the derivatives is the degree of the derivative of the highest order occurring in
it, after it has been expressed in a form which is free from radicals and fractions so far as

dm dm l(y)
derivatives are concerned, thus the differential equation f (x, y)|— o +¢(X y) +...=0

is order m and degree p.

Note that : In the differential equation eY” - xy” + y = 0 order is three but degree doesn’t apply.

Find the order and degree of the following differential equation :
/dzy [dy dzy dy dy
o (9TY _gjay day o dY
(i) e dx +3 (||) =sin | 4 (iii) i v3X+5

d? d ?
(i) The given differential equation can be re-written as (ﬁ] (di 3]

Hence order is 2 and degree is 3.
(ii) The given differential equation has the order 2. Since the given differential equation cannot be
written as a polynomial in the differential coefficients, the degree of the equation is not defined.
(iii) Its order is obviously 1 and degree 1.
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2
2 3
Ex.2 The order and degree of the differential equation [%} +3(%) + 4 =0 are
t
Sol. Clearly order is 2 and degree is 2. (from the definition of order and degree of differential equation).
B. FORMATION OF A DIFFERENTIAL EQUATION
If an equation with independent and dependent variables having some arbitrary constant is given, then
a differential equation is obtained as follows :
(a)Differentiate the given equation w.r.t. the independent variable (say x) as many times as the
number of arbitrary constants in it.
(b)Eliminate the arbitrary constants.
The eliminant is the required differential equation.
Note : A differential equation represents a family of curves all satisfying some common properties. This
can be considered as the geometrical interpretation of the differential equation.
Ex.3 Find the differential equation of all parabolas whose axes is parallel to the x-axis and having latus
rectum a.
Sol. Equation of parabola whose axes is parallel to x-axis and having latusrectum ‘a’is (y - )2 = a (x - o)
. . _ dy d2y (dy)’ dZy (dy)’
-B) = = -B) —=2+2 2| = 242 L =
Differentiating both sides, we get 2(y - B x - 2= 2(y - B) 02 + (dx 0= a O’ + I 0
Ex.4 Find the differential equation whose solution represents the family : c (y + ¢)2 = x3
Sol. c(y+c¢c)2=x3 (D) Differentiating, we get, c.[2(y + ¢)] % = 3x2
2x3 dy ) 2x3 dy )
it i —(y+c)— =3X = — =3Xx
Writing the value of c from (i), we have (y+c)2 (y )dx y+c dx
.id—y=3 :Qd—y=y+c Hencec=§[d—y -y
y +c dx 3 | dx 3 | dx
i n equation (i 2fdy)_ Nraxdy [ s
Substituting value of c in equation (i), we get 3 | dx 3 dx| =X
Which is the required differential equation.
C. GENERAL AND PARTICULAR SOLUTIONS
The solution of a differential equation which contains a humber of independent arbitrary constants
equal to the order of the differential equation is called the GENERAL SOLUTION (OR COMPLETE INTEGRAL
OR COMPLETE PRIMITIVE). A solution obtainable from the general solution by giving particular values to
the constants is called a PARTICULAR SOLUTION.
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Ex.5

Sol.

Ex.6

Sol.

Note that : the general solution of a differential equation of the nth order contains ‘n’ and only ‘n’
independent arbitrary constants. The arbitrary constants in the solution of a differential equation are
said to be independent, when it is impossible to deduce from the solution an equivalent relation
containing fewer arbitrary constants. Thus the two arbitrary constants A,B in the equation y = A eX *
B are not independent since the equation can be written as 'y = AeB . eX = C eX .Similarly the solution
y = Asin X + B cos (x + C) appears to contain three arbitrary constants, but they are really equivalent
to two only.

ELEMENTARY TYPES OF FIRST ORDER AND FIRST DEGREE DIFFERENTIAL
EQUATIONS

(1) VARIABLES SEPARABLE :

Type - 1 : If the differential equation can be expressed as ; f(x)dx + g(y)dy = 0 then this is said to
be variable separable type. A general solution of this is given by If(X)dx+jg(y) dy=c;

where c is the arbitrary constant. Consider the example (dy/dx) = eX~Y + x2.e”.

dy 1+y?
Solve the differential equation xy %=1+—y2f (1 +x + x2).
+ X

X ]:> y dy:1+ 1 dx

d
Differential equation can be rewritten as xy ﬁ = (1 +y?) (1+ T2 1+y2 X 1+x2

1 1
i = 2y — -1 — t;
Integrating, we get > m(l+y?)=(nx+tan"t x+ /nc= 1+y? = cxe™ *.

d
Solve the differential equation (x3 - y2x3) % +y3+x%3=0.

d
The given equation (x3 - y2x3) d_i +y3+x%y3=0
2

1-y 1+x° 11 (1 1) 11 1
= dy + dx=0 = || =-=ldy+||=+= = X4 2.+
% y NE J‘[yg yJ _[ X dx=0 = Iog(yj—2 y2+x2 +cC

d
TYPE - 2: d—i = f(ax + by + ¢), b = 0. To solve this, substitute t = ax + by + c. Then the equation

reduces to separable type in the variable t and x which can be solved.

d
Consider the example (x + y)zﬁ = a2

dy a;X+by,+c,

TYPE -3: dX  ax+b,y+c,’ b; + a, = 0. To solve this, simple cross multiplication and substituting
d (xy) for xdy + ydx and integrating term by term yields the result easily.
dy x-2y+5 dy 2x+3y-1 dy 2x-y+1
Consider the examples .~ = 2x+y—1'dx = 4x+6y-5 and G 7 6X—_5y+4 -
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TYPE - 4 : Sometimes transformation to the polar co-ordinates facilitates separation of variables. In
this connection it is convenient to remember the following differentials.

If x =rcos6;y=rsin 0 then,
(i) xdx + ydy = rdr (ii) dx2? + dy? = dr? + r2de? (iii) xdy - ydx =r2do

If x =rsecHandy =rtan 6 then x dx - y dy = rdr and x dy - ydx = r2 sec 6 do.

d
Solv o cos (X +y) —sin (x +vy)

Ex.7 dx
Sol. Y = i Putti =t - A
ol. dx—cos(x+y)—sm(x+y) um<_;|x+y—,we<_;|e,dX ax
o t
dt dt sec” —dt
Therefore -—— -1 =cost-sint=>———=dx=> ——5—=dx
dx 1+cost-sint t
2(1—tan2)
. X+y
Integrating, we get, —/n|1-tan =X+ C.
(2) HOMOGENEOUS EQUATIONS:
) ) _ dy _ f(xy) )
A differential equation of the form ax  a(xy) where f(x, y) and ¢(x, y) are homogeneous functions
of X & y and of the same degree, is called HOMOGENEOUS. This equation may also be reduced to the
dy X
form ax g ; and is solved by putting y = vx so that the dependent variable y is changed to another
variable v, where v is some unknown function, the differential equation is transformed to an equation
d X +
with variables separable. Consider the example d—i+% =0,
q .
Ex.8 The solution of the differential equation _y:w
dx sin2y-xcosy
dy = siny+x dy _ siny+x ]
Sol. Here, dx —sin2y—xcosy = COSY 4y —25iny—x , (putsiny =t)
dat  t+x E = Xdv yo xtx v+l
dx  2t-x’ (putt = vx) = dx 2vx—x 2v-1
Lxdv_ vl _V_v+1—2v2+v or 2v7 v dy =% on solving we get sin? y = x sin y + x° +C
T Tdx 2v-1 2v-1 —2v2 4 2v+1 y X 9 9 Y= Y 2
. ) dy .
Ex.9 A solution of the equation x ax =Y (logy - log x+ 1) is
. . . . dv dv
Sol. Putting y = vx in the given equation, we have v + Xy = v(logv + 1) = x x =V log v
dv. _ dx | | - Iy | - = yalX
jvlogv X:>o<_;||o<_;|v|—og|x| ogc =logv=cx=y=xe
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Ex.10

Sol.

Equations reducible to the homogeneous form :

dy a1x+bly1+cl
It o a2x+b2y+c
transform this equation to a homogeneous type in the new variables u and v where h and k are
arbitrary constants to be chosen so as to make the given equation homogeneous which can be solved
by the method as given in (b). If

a, a,
; where a;b, - a,b; # 0, i.e. b ¢b_ then the substitution x = u + h,y =v + k

(i) a;b, - a,b; = 0, then a substitution u = a; x + b; y transforms the differential equation to an
equation with variables separable and

(ii) In an equation of the form : yf(xy)dx + xg(xy)dy = 0 the variables can be separated by the
substitution xy = v.

Important note:
(i) The function f(x, y) is said to be a homogeneous function of degree n if for any real number

t(#0), we have f(tx, ty) = t" f(x, y). For e.g. f(x, y) = ax%/3 + hx1/3 .| y1/3 4+ by2/3 is a
homogeneous function of degree 2/3.

d
(ii) A differential equation of the form % = f(x , y) is homogeneous if f(x, y) is a homogeneous

function of degree zero i.e. f(tx, ty) = t0 f(x, y) = f(Xx, y). The function f does not depend on x and

y X
y separately but only on their ratio ;or; .

dy X+2y+3
dx = 2x+3y+4

dy X+2Y +(h+2k+3)

Putx=X+h,y=Y+k.Wehave& = 2X+3Y +(2h+3k+4)

dY  X+2v
To determine hand k, wewriteh + 2k +3=0,2h+3k+4=0 = h=1,k=-2 sothat .o =

dX ~ 2X+3Y
Putting Y= VX (v x N 1r2v 23V v = - 9X
utting Y=VX, weget v+ X G4x = 243v 7 3v2_19V T T

2448 243 dv dx L 203, N 2_‘El N log X +

= |2Wav-1 2(av+n | T 23 109 (V3 2V5 9 )= leg X+
2+

V3 2-43
203 log (\/_Y X) - \/— log (\/_Y + X) = A where A is another constantand X = x -1, Y= y+ 2.

Ex.11 Solve the differential equation (1 + 2e*/Y) dx + 2eX/¥ (1 - x/y) dy = 0.
Sol. The equation is homogeneous of degree 0. Put x = vy, dx = vdy + y dv,
Then (1 +2eV) (vdy +ydv) +2e¥(1-v)dy =0 = (v+2eV)dy+y(1+2e¥)dv=0
d—y + L+2e” dv = 0. Integrating and replacin by x/
y PR v =0. grating replacing v by x/y
Mmy+/(v+2e)=/Candx + 2yeXY=c
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(3) LINEAR DIFFERENTIAL EQUATIONS :

A differential equation is said to be linear if the dependent variable & its differential coefficients occur
in the first degree only and are not multiplied together. The nth order linear differential equation is of

n n-1

d
the form ; ay (x) ﬁ +ay(X) ng Feeeeeeenns +a, (x) .y =¢(x), where a; (x), a; (x) ... a, (x) are

called the coefficients of the differential equation.

Note that : A linear differential equation is always of the first degree but every differential equation of

d? dy)®
the first degree need not be linear. e.g. the differential equation ﬁ + (d_i] + y2 = 0 is not linear,
though its degree is 1.
Ex.12 Which of the following equation is linear ?
dy 2 - 2 Y L ox dy = wy2 dy L2
(A)dx+xy—1 (B) x dX+y—e (C)dx+3y—xy (D)xdx+y—smx
Sol. Clearly answer is (B)
Ex.13 Which of the following equation is non-linear ?
p Y Bﬂ =0 C)dx+dy=0 DyxY 4+ 3 e
(A) g =cosx  (B) 5 +y= (C) dx +dy = (O)xg + g =Y
d
Sol. Clearly answer is (D) X
(a) Linear differential equations of first order : The most general form of a linear differential equations
, _dy :
of the first order is ax + Py = Q, where P & Q are functions of x.
. . . Ide
To solve such an equation multiply both sides by e
Note:
(i) The factor ejpdx on multiplying by which the left hand side of the differential equation becomes the
differential coefficient of some function of x & vy, is called integrating factor of the differential
equation popularly abbreviated as I.F.
(ii) It is very important to remember that on multiplying by the integrating factor, the left hand side
becomes the derivative of the product of y and the I.F.
(iii) Some times a given differential equation becomes linear if we take y as the independent variable
d
and x as the dependent variable. e.g. the equation ; (x + y + 1) % = y2 + 3 can be
dx
written as (y2 + 3) @ = X + y + 1 which is a linear differential equation.
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Ex.14

dy

dx = 0.

Solve (1 + y2) + (x - e@'Y)

) ) ) . 5 dx tanty d_X 1 etan‘ly )
Sol. Differential equation can be rewritten as (1 + y<) dy +x=¢e or dy + 1+y2 X = 1+y?2 (D)
J lzdy o o etan'lyetan'ly
I.F=e =e@Y 5o solution is xe®" Y =I—2dy
1+y
. tanly . B
Let e™ Y =t = >dy =dt = xe®" y:jtdt [Putting e™" Y = t]
1+y
tanty t* ¢ tant 2tan™?
or xe =—+= = 2xe" V=e Y +c.
2 2
_ . . _ dy 1
Ex.15 The solution of differential equation (x2 - 1) Ix + 2xy = 21 is
Sol The given differential equation is (x2 - 1) dy + 2 xy = dy + 2 = S
’ 9 q dx =1 = ax T x2-1Y T (-2
This is linear differential equation of the form dy + Py = Q, where P = 2 and Q=77 .2
is is linear differential equati m y=Q whereP = ~7— = (X2 -1y
L LE = el P P gy _ (x?-1)
- . . 5 2 dy
multiplying both sides of (i) by I.F. = (x4 - 1), we get (x© - 1)& +2 xy = 21
1
integrating both sides we get y(x2 - 1) = sz —1dX + C [Using:y(I.F) = '[Q.(I.F.) dx + C]
2 1 x-1 - . -
= y(x¢-1) = —log |——| + C. This is the required solution.
2 X+1
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d
(b) EQUATIONS REDUCIBLE TO LINEAR FORM : The equation d—i + Py = Q.y" where P & Q are

function, of x, is reducible to the linear form by dividing it by y" & then substituting y™"+1 = Z. Its
solution can be obtained as in (a) . Consider the example (x3y2 + xy)dx = dy.

d
The equation % + Py = Qy"is called BERNOULI'S EQUATION.

d
Ex.16 Solve the differential equation x d—i +y = x3y°,
1 dy 1
Sol. The given differential equation can be written as y_e ax _xy5 = x?2
. dy dv dy 1 dv
-5 _ _ -6 2 _ 2V -6 Y __ =22
Putting y vsothat-5y X X ory X 54 we get
1 dv dv 5
=2 L 2y =x2 2V 2, - _y2
= dx + —v=x ix v 5x< L (i)

This is the standard form of the linear differential equation having integrating factor

5
I.F = eff;dx _eSlox_ 1

X5

Multiplying both sides of (i) by I.F. and integrating w.r.t r

v 5 5
We get v.%:j—sz.isdx = 5 = Ex‘z +c= yOox2= Ex‘z + c which is the required solution.
X X

d
Ex.17 Find the solution of differential equation % -y tan x = -y2 sec x.

lagy 1 1 -ldy dv —dv
. -2 -—tanx-=- X Put - =v;, 23— =— Lo —vtanx = - X
So Vax "y a sec (Pu y Y2 dx ix ) ix a sec

dv

&+vtanx=secx, Here P = tan x, Q = sec x

I.F. = e/®% _gec x ; vsecx = J-seczxdx+c Hence the solution is y~! sec x = tan x + ¢
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DIFFERENTIAL EQUATION

SOME IMPORTANT DIFFERENTIALS MUST BE REMEMBERED :

(i) xdy + ydx =d(xy)

dx — xd

(iii) u d[
+dy

v) X+Y

dx — xd X
(vu)y Y d(fnyj

Xy

ey Yoy _ aY
(xiii) d[7J _ xeldy —edx

=d(/n(x +v))

dy —yd
iy Yol

xdy + ydx
(iv) L = d(/nxy)

(vi) —Xdy Yo d[fnlj

xdy — ydx Ly
(viii) —x2+y2 = d[tan ;j

11X M _ 2 2
yJ (x) N —d[ﬁn\lx +y }

eX e*dx —e*d
(xu)d[ J %

X+Yy v
Ex.18 Solve —dX =x2 4 2y2 4 =
dy X
y—X—=
dx
. _ ) xdx + ydy ydx —xdy  y? d(x? +y?) 1 X
Sol. Th t b tt = . ——— =2 d|—
o e given equation can be written as o 1 y2)? y2 2 = I(X2+y2)2 szlyz y
Integrating both sides we get 2 +c y ! C
g g g (X2+y2) - 1 = X (X2+y2) "
y
y +sinx cosz(xy) X .
Ex.19 Solve ——————— —— —+siny |dy = 0.
cos“(xy) cos“(xy)
ydx + xdy
Sol. The given differential equation can be written as ; T(xy) + sin x dx + siny dy = 0.

= sec? (xy)d (xy) +sinxdx +sinydy =0

d(tan (xy)) +d(-cosx)+d(-cosy)=0 =

tan (xy) - cos x —cosy = cC.

MoTioNn"
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Ex.20

Sol.

TRAJECTORIES

A curve which cuts every member of a given family of curves according to a given law is called a
Trajectory of the given family.

A curve making at each of its points a right angle with the curve of the family passing through that
point is called an orthogonal trajectory of that family.

ORTHOGONAL TRAJECTORIES :

We set up the differential equation of the given family of curves. Let it be of the form F(x, y,y') =0

-1
The differential equation of the orthogonal trajectories is of the form F[X, YTJ =0

The general integral of this equation ¢,(x, y, C) = 0 gives the family of orthogonal trajectories.

Find the value of k such that the family of parabolas y = cx? + k is the orthogonal trajectory of the
family of ellipses x2 + 2y2 -y = c.

d d
Differentiate both sides of x2 + 2y2 - y = c w.r.t. X, we get 2x + 4y % - d—i =0
d
or 2x + (4y - 1) ﬁ = 0, is the differential equation of the given family of curves.

. d d ) . . . , -
Replacing Ly by - & to obtain the differential equation of the orthogonal trajectories, we get

dx dy
1-4y) _ d_y _4y-1
2X + —ﬂ =0 = x - 2x
dx
dy dx 1 1 1 .
= I4y_1 =15 = 2 n(4y - 1) = > /mx + > /n a, where a is any constant.

= 4y -1)=2/(nx+2/naor,dy -1=a’x?

1 1
or,y = Zazx2 + 40 0s the required orthogonal trajectory,

2
1
which is of the form y = cx? + k where c = aT, k = 2
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Ex.21 Solve (y log x = 1) ydx = xdy.
d
Sol. The given differential equation can be written as x & +y=y2logx = .. ()

dx

o dy 1 1
2 Ty — - = —
Divide by xy< . Hence V2 dx + Xy ™ log x

1 .
v=- o logx L (i)

1 1
(ii) is the standard linear differential equation with P = - ! Q= —;Iog X
I.F. = elP® =gl /xd _q
. 1 1( 1 log x logx 11 logx 1
.= = |—|-—logx|dx = - = — - |—.— = — + —
The solution is given by v ~ Jx[ < gj J.XZ dx ™ Ixxdx . +X+
C
1
= v=1+logx+cx =logex + cx or V=Iogex+cxory(|ogex+cx)=1.

(v*-D)
]
Ex.22 The solutionof e ¥  {xy2dy + y3 dx} + {ydx - xdy} = 0, is

LD
Sol. Hencee Y .y2{xdy+ ydx} + {ydx - xdy} = 0 = eX¥ . y2. {xdy + ydx} + e¥/¥ {ydx - xdy} = 0

{ydx — xdy} X
= eXY.{xdy+ydx}+eX/YT=0 = eXY.d(xy)+eX/V.d§ =0

or d(e*XY) + d(e*Y) = 0, Integrating both sides we get eX¥ + eX/¥ + ¢ = 0.
d2y

Ex.23 For a certain curve y = f(x) satisfying d—2=6x—4 f(x) has a local minimum value 5 when x = 1. Find
X

the equation of the curve and also the global maximum and global minimum values of f(x) given that
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Sol.

0<x<2.

d? d
Integrating dx_z =6x-4, we get % =3x2 —4x+A

d d
When x = 1, %=0, so that A = 1. Hence §=3X2—4X+1 ............ (i)

Integrating, we get y =x®-2x? + x+B

When x = 1, y = 5, so that B = 5. Thus we have y =x3-2x? +x+5.
From (i), we get the critical points x = 1/3, x = 1.

d2

At the critical point X = is negative. Therefore at x = 1/3, y has a local maximum.

3" dx?

d2
At x=1 ﬁ is positive. Therefore at x = 1, y has a local minimum

Al _gql1)_157 _ -
so f(2) 5,f[3] S 10)=5.1(2)=7

Hence the global maximum value = 7, and the global minimum value = 5.

Ex.24 Determine the equation of the curve passing through the origin, in the form y = f(x), which satisfies

d .
the differential equation % =sin(10x + 6y) .
dy . .
Sol. We have | = sin(10x+6y). ... 0]
dt dy . dt dt
— = = =2 = =5 — =2 dX=>|——=2x+C i
Lett=10x+ 6y = 5 =10+6-Y-1046sint g Jsmam=2c .. (ii)
t
Putting tan— =2z, we get 2dz —2x+C from (ii)
2 (1+22){ 62 +5}
1+ 72
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Ex.25

dz C 1 dz C
= IZ—=X+— - — ﬁzx+—
5z° +6z+5 2 5 3 4 2
Z+=| +|—
5 5
1 5743 c 5tan710)(+6y+3
= Ztan‘l =X+ = tan* : =4x+2C

Since the curve passes through (0, 0) = 2C =tan(3/4)

Thus 5tan(5x +3y) + 3 = 4tan[4x + (tan™-3/4)]

The rate at which a substance cools in moving air is proportional to the difference between the
temperatures of the substance and that of the air. If the temperature of the air is 290 K and the
substance cools from 370 K to 330 K in 10 minutes, when will the temperature be 295K.

dT dT
Sol. Let T be the temperature of the substance at a time t. Then —- - (T-290) = rr —k(T —290)
tive sign. b 9T is rate of cooli :de ~ k[t i
(negative sign. because qr s rate of coo ing) T_200 _ <JO ()
Integrating the L.H.S. between the limits, T = 330 to T = 370 and the RHS between the limits
330 10
aT 330 10
— — ———=-k | dt = log (T — 290 = —kt
t=0tot =10, we get J.T—290 J = log ( )‘370 0
370 0
log2 "
= log 40 —log 80 = k.10 = log2=10k k=W ........... (i)
Now, integrating (i) between T=370and T =295andt=0and t = t, we get
ot 0 log16
j — =k jdt = log (T-290) |3%5=-kt = log5 —log80 = —kt = —log16 = -kt = t=-292°
T-290 k
370 0
. logl6 . ) .
Hence, from (ii), t= 92 10 =40minutes  i.e. after 40 minutes.
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